Abstract. Using the algebraic structure of the Stone-Čech compactification of the integers, Furstenberg and Glasner proved that for arbitrary k ∈ N, every piecewise syndetic set contains a piecewise syndetic set of k-term arithmetic progressions.
A subset S of Z is piecewise syndetic 1 if there exists r ∈ N such that r t=1 S − t contains arbitrarily long intervals. A subset S of a countable abelian group (G, +) is piecewise syndetic if there exists a finite set F such that t∈F S − t is thick in the sense that it contains a shifted copy of any finite subset of G.
Given k, r ∈ N, van der Waerden's Theorem [vdW27] states that one cell of any partition {C 1 , . . . , C r } of a long enough interval of integers contains a k-term arithmetic progression. Since arithmetic progressions are invariant under shifts, it follows that every piecewise syndetic set contains arbitrarily long arithmetic progressions.
It is a simple combinatorial exercise to show that whenever a piecewise syndetic set is devided into finitely many parts, one cell is piecewise syndetic itself. In particular the existence of arbitrarily long arithmetic progressions in piecewise syndetic sets implies that one cell of any finite partition of the integers contains arbitrarily long arithmetic progressions.
Taking the above facts into account, we see that Theorem 1 is just a slightly disguised version of van der Waerden's Theorem.
Theorem 1. Let k ∈ N and assume that S ⊆ Z is piecewise syndetic. Then
Furstenberg and Glasner [FG98] used the algebraic structure which may be imposed on the Stone-Čech compactification of Z to prove that every piecewise syndetic set contains a piecewise syndetic set of arithmetic progressions.
Theorem 2. Let k ∈ N and assume that S ⊆ Z is piecewise syndetic. Then
The purpose of this paper is to show how Theorem 2 can be derived from van der Waerden's Theorem by elementary tools, in particular, without using the axiom of choice. Note that in contrast to [FG98] We will employ the following simple lemma which we do not prove. In [BH01, HLS02] Theorem 2 is extended to more general (semi-)groups and various other notions of largeness using ultrafilter techniques. We don't know whether the combinatorial argument presented here can be enhanced in a way which makes it applicable to a more abstract setting.
